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Answers for Dynamical Systems and Chaos, 1 April 2020.

I.
. d&=cotz — 7 sin2x =cosz(z- —2rsinz) =0=cosz =0= 2" =Z or 2* = .

/ _ 1 _ 1 2 2 T _ 37 gt _
fi(x,r) = =557 — 2rcos2r = — =~ — 2rcos“x + 2rsin“z. For both z* = § and 2™ = = f'(a*,7) =
2r — 1. Bifurcations takes place at r. = %

f(z*,r) = 0= sin®z* = 3, which has solutions when r > r,
Sz r) = —ﬁ + 4rsin®z — 2r = 2 — 4r. Below the bifurcation point r < r., z* = 5t = 37” are

both stable. Above the bifurcation point r > 7. 2* = § and 2" = 37” splits into two stable fixed points

and become themselves unstable.

They are both pitchfork and super-critical.

x* = 3 is stable for r < % and bifurcates into two stable fixed points for r» > % while it itself becomes
unstable. One of the stable fixed points is just below x = 7, the other is just above z = 5

T* = 37” is stable for r < % and bifurcates into two stable fixed points for r > % while it itself becomes
unstable.

As r — oo two fixed point both converges towards 7 the two others toward 0 (or 2).

I1I.

V- (g, 9) (0, 9)) = (2, 2) - (10— (aw+ ), (1~ (2 +)) = —¢ — L < 0 always for @ > 0,y > 0. So
according to Dulac a limit cycle cannot exist.

Fixed points: (z*,y*) = (0,0),(0,1),(%,0),(2 —a,a — 1)

_ 1 — 2az — 32 —2zy
J_{ —y 1—m—2y} (1)

Eigenvalues: (0,0) : A = 1,1 unstable node; (0,1) : A = 0, —1 stable node (but marginal in one direction)
i (£,0): A= —1,% (saddle point) ; (2—a,a—1),a=3,A = 3(—5=+ /17 (stable node).

Nullclines: y = 0,z = 0,y = 1 — 2,y = /1 — 32. (0,0) has eigenvectors (1,0),(0,1) which are un-
stable directions. (0,1 has eigenvectors (1, —1)(marginal),(0,1) stable. (3,3) has eigenvectors ($(1 +
V17,1), (3(1 — V/17,1). Basically all solutions will converge to this fixed point.

I11.
xh=2— % flxn)=1- 2_1% fllxf)y=1—r
F(z2) = 1 for rpin = 0, f/((xF) = =1 for ez = 2 = [Pmin, "maz)] = [0,2]. Note that xf — —oo for
r— 0"
Superstable: f'(z,) =0 — rgs =1
Period doubling: f'(z,) = —1—rpp =2,2, = xpp = %

zo = 2 +e log(2(2— 32 —€) = log(l — 2¢) ~ —2¢. Therefore for the two-cycle: z9 = 3 + ¢ — 21 =
3

%—i—e—Qe:§—e—>x2:%—e—|—26:%—|—e:x0. Thus it is a two cycle.



