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8 Bifurcations Revisited

8.2 Hopf Bifurcations
8.2.1
Rewrite the 2nd order ODE as

i=y,g=—p@a®-y—z+a

and the fix point is (a,0). Linearize the system around the fix point and the Jacobian is

{ 0 1
- 2
(a,0) -1 —/j,(a - 1)

T = 0 1
@O = | —2uzy -1 —p(a? —1)

and the eigenvalues are
—p(a® —1) £ /p2(a?2 —1)2 -4
2
Hopf bifurcation requires that —u(a® — 1) = 0 and p?(a® — 1)2 — 4 < 0, and the solution is
a = +1 or p = 0. However, with u = 0, the system is a linear one and we have a linear center.
Therefore the solution is a = +1.

A2 =

8.2.9
(a) The nullclines are
t=0—z=0o0ry=(b—2a)(1+2z)

j=0—y=0ory=—r
] y=0ory= 0

(b) The intersections between the nullclines are
e Between 2 =0 and y = 0, (0,0)

e Between z =0 and y = z/a(1 + z), (0,0)

e Between y = (b— z)(1 4+ z) and y = 0, (b,0)



e Between y = (b—z)(1+x) and y = z/a(1+z), solving the equation yields the following cubic
polynomial

P+ 2-b)r*+(1+a—20)x—b=0
Clearly, the 3 solutions (z1,23) satisfy that z1z223 = b > 0. Therefore, at least one of them
is positive, indicating that at least one positive fix point (z*,y*) € R% exists.
(¢) The Jacobian at the fix point is

_ * y* __z* b—z* o« % _ _x*
JI _ b—2u (z*4+1)2 14a* _ o +1T €T 142*
(%) = Yy ©oau* | b—z” =z
(z*Jrl)E 14+x* Y z*+1 14+x*

The Hopf bifurcation requires that the trace to be 0 and the determinant to be positive. The
trace is

b—a* z* x*
trd|(pe oy = g — g - = b—22* —2
trd| g+ ) = 0 yields * = (b — 2)/2. The determinant is
b—a* x* b—a* z* 2x*
dtJ * gk s —(h_ = — B v — 0
€ |(m,y),w7(b 2)/2 (m*_'_]_x x)1+$*+ib*+11+l'* 1+$*>

Therefore, there exists a Hopf bifurcation at the fix point. We then need to derive a. as follow

*

o x (b—2)/2 A(b—2)

(b—a*)(1+a*)2  [(b+2)/2(b/2)2  (b+2)b?
()
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Figure 1: 8.2.9. a = 1/120,b =4
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Figure 2: 8.2.9. a =1/12,b=14
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Figure 3: 8.2.9. a=1,b=4

8.3 Oscillating Chemical Reactions
8.3.1
(a) The fix point is (1,b/a), and the Jacobian is

—b—1—2azy azx?
Jab/a) =

b — 2axy —ax?

_ [ b—a a }
(1,b/a) b —a

—(a+1-b)+/(a+1-b)2—4a
2
e Ifa+1—5b>0,0rb<a+1, the fix point is stable;

and the eigenvalues are

A2 =

e If b > a + 1, the fix point is unstable;

— If (a+1—5)%—4a >0, it is a saddle;

— If (a+1—b)%? — 4a < 0, it is an unstable spiral
e If b =a+ 1, the fix point is a center.

(c) Denote b, = a + 1. If b > b, the fix point is unstable spiral. Together with the fact that
there is a trapping region, there must exist a closed orbits, i.e. limit cycle.
(d) b > be.



Phase Potrait Plotter 2014 Phase Potrait

5 . T T . T r :
—="Yector field
Trajectory
4r - - ~ +  Start point
- . - #  End paint
EN
3r - - . M 1
%min Xstep *max e 21 - E
1t _ i
%init ¥init tma:r. _ R _
OF - - -~ b 4
() Live onfoff
() Spread onioff . . . . . . .

Insert Points/Recdraw Grid -
(@) Mouse on/off

By Svend Bertel Steffensen

Figure 4: 8.2.9. a=1,b=1
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Figure 5: 8.2.9. a=1,b=2
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Figure 6: 8.2.9. a=1,b=3

(e) The frequency is

V—(a+1-0)%2+4a
2

w =

Therefore the period is T' = 27 /w = 27 /+/a.

8.7 Poincare Maps

8.7.1
n 1 1
Sz - d
/ro (1—7“2 ( 2r—1 2r—|—1) "

/ TR

il Il

\/|7"1_1| \/|7“0_1|

Since 0 < rg,71 < 1, we have

/T1 dr _ 71 ro 1 1—r3
0

=In —1In =
r(1—r?) V1-1? V1—r2 To \/1—1?




Therefore

™ dr r2 r2
[t e
T0 r(

1—172) 1—r? 1—1r2

et r2 /(1 —1rd) 1

= — =
1—|—e47r7’%/(1—7“(2)) \/1+e_4ﬂ-(r0—2_1)

It can be shown that when 7o, 71 > 1, the expression for P(r) is identical.

The derivative of P(r) is

ef4fr/r3

P(r)=

and

(1 +e~dm(r=2 —1))*?

e—47r/T*3 Can

P(r*) =

(14 e 4m(r =2 — 1))3/2

=€



