Dynamical Systems and Chaos 2015 Spring

Homework Solutions, Session 05

February 16, 2015

6 Phase Plane

6.1 Phase Protraits
6.1.2

Fix points: (—1,0), (0,0) and (1,0). All of the 3 points are stable along y axis, but only (—1,0)
and (1,0) are stable along x axis. Therefore, (—1,0) and (1,0) are stable and (0, 0) is saddle.
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Figure 1: 6.1.2. Note that initial points (0, £1) show wrong results, due to numerical issues.



6.1.5

The fix point is (0,0) and (1,1). First linearize the system around the fix point (0,0) and the
Jacobian is

3| {Q—Z:L“—y —x] [2 0 ]
(zay):(o’o) = _ = _
! Hley=oo L1 1
The eigenvalues of the Jacobian are \; = 2 and Ay = —1 and the corresponding eigenvector is

vy = [1,1/3]) and vo = [0,1]’. Therefore it is unstable along the direction of v; and is stable along
the direction of vo. The fix point is a saddle node.
We then linearize the system around (1,1) and the Jacobian is

B [ -1 -1 ]
(2.9)=(1,1) Lol

and the eigenvalues are Ay = —1 47 and Ay = —1 — 4. Since A1 2 < 0 and FA; 2 # 0, it is a stable
spiral.

2-2x—y —=x
I@w=a1) = 1 21
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Figure 2: 6.1.5. Note that initial points (0, £1) show wrong results, due to numerical issues.

6.3 Fixed Points and Linearization
6.3.1
The fix points are (2,2) and (-2, —2).



e For (2,2), the Jacobian is

Taw = | L 1 (1
G272 0 f|,, [4 0

The eigenvalues are A\; = (14++v/15i)/2, Ay = (1 —+/15¢)/2 and the corresponding eigenvectors
are vi = [1, (1 — v/15)/2), vo = [1, (1 + V/15i)/2]". The fix point is unstable spiral.

e For (—2,—2), the Jacobian is
1 -1
22 = [ 4 0 }

The eigenvalues are Ay = (1 4+ v/17)/2, A2 = (1 — v/17/2 and the corresponding eigenvectors
are vi = [1,(1 —v17)/2), vi = [1,(1 + /17)/2]’. The fix point is unstable along v; and
stable along vs. It is a saddle node.
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Figure 3: 6.3.1. Note that initial points (2, 2), (=2, —2) show wrong results, due to numerical issues.

6.3.4
The fix points are (1,0), (0,0) and (—1,0)
e For (0,0), the Jacobian is

1 — 322 1
Jl0,0) = [ 0 1 }




The eigenvalues are Ay = 1, Ay = —1 and the eigenvectors are v; = [1,0]" and vo = [-1/2,1]".
The fix point is stable along v; and unstable along vs. It is a saddle node.

-2 1
Jl0,0) = [ 0 -1 }

The eigenvalues are A\; = —2, Ay = —1 and the eigenvectors are v; = [1,0]’, vo = [1,1]’. The
two fix points are stable nodes.

e For (+1,0), the Jacobian is
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Figure 4: 6.3.4. Note that the initial point (0,0) shows wrong results, due to numerical issues.

6.3.5
The fix points are (kym + 7/2, kym), ks, ky € Z.

e For (2mm + 7/2,2n7), m,n € Z, the Jacobian is

0 cosy
—sinx 0

0 1
J|(2m7‘r+7r/2,2n7r) = 0 S = -1 0
mn+mn/2,2nmT

The eigenvalues are A\; o = £i. It is a center.

e For (2mm + 7/2,2n7 + 7), m,n € Z, the Jacobian is

0 -1
J|(2m7r+7r/2,2n7r+7r) = |: -1 0 ]



The eigenvalues are Ay = 1, Ay = —1 and the eigenvectors are vi = [1,—1]’, vo = [1,1]’. The
fix point is unstable along v; and stable along vs. It is a saddle node.

e For (2mm — 7w/2,2n7), m,n € Z, the Jacobian is
0 1
J‘(Qmﬂ—‘/r/2,2n7r) = l: 1 0 :l

The eigenvalues are A\; = 1, Ay = —1 and the eigenvectors are vi = [1,1]’, vo = [1, —1]’. The
fix point is unstable along v; and stable along vs. It is a saddle node.

e For (2mm — w/2,2nm + ), m,n € Z, the Jacobian is

0 -1
J|(2m7r—7r/2,2n7r+7r) = |: 1 0 :|

The eigenvalues are A 2 = =+, and it is a center.
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Figure 5: 6.3.5

6.3.8

(a) Denote the mass of the particle as m. The direction of x is from my to mg. The Newton’s
Second Law gives that




Since F = ma = mx, we then have

%= — Gm1 sz
- x2 (r—a)?
(b) Rewrite the second-order ODE as
5= - 7Gm1 + Gm2
A= (x —a)?

and the fix point is (a/(y/m2/m1 + 1),0). The Jacobian is

0 |
Wyt l G ( %“)3( m1) 0 ]

3
The eigenvalues are A\j o = :t\/%;g“ ( % + 1) ( % + 1). So it is unstable.

J o 0 1
|(a/( ms/m1+1),0) QG;’;LI _9. Gmy_

(x—a)3

6.3.14

A linearization predicts that

[ 3az® -1
Jo.0) = 1 3ay?

_ { 0 -1 ]
(0,0) Lo
The eigenvalues are A1 2 = =+, so it is a center.

But it is worth noticing that according to Example 6.3.2, linearization doesn’t work for this
problem. Instead, by transforming to polar coordinate, we have x = rcosf and y = rsinf. So we
have

xi + yy = ri — 7 = ar®(cos  + sin? )

_ Y i 2 3, .2 .3
6="4 ny:ac +ary 4;2/ awy:1+ar2c059sin9(sin20700529)
r

r
So if a = 0, the origin is a center; if a < 0, the origin is stable; if a > 0, the origin is unstable.

Note that for a # 0, 6 # 0, so it’s spiral.



Phase Potrait Plotter 2014 Phase Potrait

- - T
Trajectory
2r ha +  Start point [
-~ 4 End point
1t -—
—
*min Xstep *max e, OF e
-—
T #__,
%init ¥init t|1'|sm
}’/
al
(") Live onioff /
(®) Spread onloff
Insert Poirts/Redraw Grid ~g 2'
(®) Mouse onjoff . )

By Svend Bertel Steffensen

Figure 6: 6.3.14, a =1
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Figure 7: 6.3.14, a =0
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Figure 8: 6.3.14, a = —1

As a general note, the linearization doesn’t work when the prediction is at the border line, for
example A = 0 in 6.3.10 and center (RA = 0) in this problem. In fact, there exists a theorem that
a point is (exponentially) stable if and only if the real part of all the eigenvalues are negative; is
unstable if the real part of some eigenvalues are positive. The linearization fails when the real part
of all the eigenvalues are non-positive, but some are 0.

A general discussion is available in the following page.

math.stackexchange.com/questions/337459/isolated-versus-non-isolated-fixed-point-2d-dynamics



