Dynamical Systems and Chaos 2015 Spring

Homework Solutions, Session 03

February 11, 2015

3 Bifurcations

3.1 Saddle-Node Bifurcation
3.1.1

The saddle-node bifurcation requires that f(z) = 1+ 7z + 22 has two identical solutions, so the
discriminant A = 72 — 4 = 0. Therefore, 7 = £2 and z* = F1.
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Figure 1: 3.1.1



3.1.3

Since the line x 4 r are tangent to In(1 + x) at the saddle-node bifurcation point, we should solve

diz+r) dn(l+2x)
de dx
z+r=In(l+x)

It is easy to show that the solution is r = 0,z* = 0.
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Figure 2: 3.1.3

3.2 Transcritical Bifurcation
3.2.2

x* = 0 is a fix point regardless of the value of r. At transcritical bifurcation, we have f/(z*) = 0.
Therefore, r = 1.
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Figure 3: 3.2.2

3.2.4

x* = 0 is always a fix point. Solving f/(z*) = 0 gives r = 1.
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Figure 4: 3.2.4

3.2.5

(a) The rates for the three reactions are
e A+ X —2X: r = kiax
02X 5 A+ X:r_y =k_12?
e X +B— (C: rog=kobx

Therefore, we have
dz
dt
and ¢ = kia — kob, co = k_1.
(b) Obviously z* = 0 is a fix point. Since f'(z*) = ¢1 —2coz™ = ¢y, if ©* = 0 is stable, we should
have kja < kob. This makes sense since the consumption rate of X is greater than the production
rate, so it is not possible to maintain a certain level of X.

=r1—7r_1 — 12 = (kia — kab)x — k_12°

3.4 Pitchfork Bifurcation
3.4.1

The bifurcation point requires that f(z) = 0 has three identical solutions. Since z* = 0 is already
a fix point, we should have that all three solutions of f(z) = 0 are 0. Therefore r = 0.



When r > 0, there is only 1 fix point (z* = 0). Since f/(z*) = r > 0, it is unstable. Therefore,
it is subcritical.
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Figure 6: 3.4.1. r =0
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Figure 7: 3.4.1. r =1
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Figure 8: 3.4.1. Bifurcation

3.4.3

Similar to 3.4.1, we have r = 0. When r < 0, there is only one fix point (z* = 0) and f'(z*) =r < 0.
So it is supercritical.
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Figure 11: 34.3. r =1
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Figure 12: 3.4.3. Bifurcation
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3.4.14

(a) By solving f(x) =0, we have

Y E R Bk (Y b S RVE Lk G L4 VTHdr 1= VIidr
1 — Y42 — P | - 5 %4 — 5 %5 — - 5
2 2 2 2

xy — xf exist if r > —1/4. z% and =f exist if r <O0.
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Figure 14: 3.4.14. » = —1/4. Only one fix point is found due to numerical issues.
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Figure 15: 3.4.14. r = —1/8

40
20\
O Sv————C—=s

=201 N\

-2 -1 0 1 2
X

Figure 16: 3.4.14. r = 0.
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(c) rs satisfies that x5 = x5 and z§ = . Therefore, r; = —1/4.
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Figure 18: 3.4.14. Bifurcation



3.5 Overdamped Bead on a Rotating Hoop
3.5.8
Plug in u = 2U and t = 77 and we have

d T
d—x = T (cch + 023U — cm5U5) =aTx + bTU%2® — ¢cTU*2®
-
Therefore, we have

r=al, 1=0bTU? 1=cTU*

The solutions are
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